Warm dark matter has recently become increasingly constrained by observational inferences about the low-mass end of the subhalo mass function, which would be suppressed by dark matter free streaming in the early Universe. In this work, we point out that a constraint can be placed on ultralight bosonic dark matter (often referred to as "fuzzy dark matter") based on similar considerations. Recent limits on warm dark matter from strong gravitational lensing of quasars and from fluctuations in stellar streams separately translate to a lower limit of ∼ 2.1 × 10 −21 eV on the mass of an ultralight boson comprising all dark matter. These limits are complementary to constraints on ultralight dark matter from the Lyman-α forest and are subject to a completely different set of assumptions and systematic uncertainties. Taken together, these probes strongly suggest that dark matter with a mass ∼ 10 −22 eV is not a viable way to reconcile differences between cold dark matter simulations and observations of structure on small scales.
I. INTRODUCTION
To date, dark matter (DM) has only been detected via its gravitational influence on visible matter. Gravitational probes may yet prove to be the optimal way to understand the properties of DM if it only interacts substantially with visible matter through gravitational interactions. DM candidates with unique clustering signatures would be especially ripe for exploration in this manner. For instance, if DM decouples from the thermal bath of the early Universe while relativistic, the growth of cosmological structure will be affected. This "warm dark matter" (WDM) thermal history has been extensively studied to determine its effect on linear and non-linear cosmology. In this scenario, lowering the WDM mass leads to a longer free-streaming length because WDM moves too quickly to cluster for a longer period of time. Thus, lowering the WDM mass leads to a predicted suppression of structure on progressively larger and larger scales where the effects become more readily apparent in comparison to the predictions of cold DM (CDM).
Limits on WDM have been set in the quasilinear regime using the Lyman-α forest as a tracer of the density field at high redshifts. WDM masses m χ 4-5 keV are excluded by these measurements, with the exact limit depending on the modeling details of the thermal history of the intergalactic medium (IGM) [1] [2] [3] . Recently, limits on WDM have become even tighter based on observational inferences about the low-mass end of the subhalo mass function (SHMF), which would be suppressed in a WDM cosmology. For instance, a recent analysis of the strong gravitational lensing of eight quadrupleimage quasars implies the existence of low-mass subhalos that are abundant enough to exclude WDM masses below m χ < 5.2 keV [4] . Additionally, a population of low-mass subhalos has recently been suggested as the origin of fluctuations in the linear density of stellar streams. When combined in a joint analysis with classical Milky Way satellite counts, the fluctuations in stellar streams exclude WDM masses below m χ < 6.3 keV [5] . Aside from constraining this particular DM scenario, these results constitute measurements of the shape of the SHMF. Accordingly, the results can be interpreted in the context of any theory that predicts suppression of the SHMF.
One such theory, often referred to as "fuzzy dark matter" (FDM), posits that DM is an ultralight boson that is so low in mass that its de Broglie wavelength is manifest on ∼kiloparsec scales in galactic DM halos. For the relevant range of speeds in halos like the Milky Way, v ∼ 10 −3 , FDM must have a mass near 10 −22 eV to have such a large de Broglie wavelength (often the convention is to write the mass of this boson in units of 10 −22 eV, which we denote as m 22 in this work). Ultralight bosons, particularly axions, are compelling DM candidates in the context of string theory and their discovery could shed light on physics at extremely high energies and address the lack of observed CP violation in quantum chromodynamics (see e.g. Refs. [6] [7] [8] [9] [10] ). The large de Broglie wavelength of this DM candidate may reduce the abundance and central density of dwarf galaxies and subhalos as compared to CDM, which has been invoked (for instance, by Refs. [11, 12] ) as a potential explanation for the discrepancy between observations and CDM-only simulations of these systems [13] . We collectively refer to these discrepancies in subhalo density and abundance as small-scale structure issues. Note however that the difference between observations and CDM-only simulations is plausibly explained by baryonic physics and may not pose a challenge to the CDM paradigm (see for instance Ref. [14] ). Also note that FDM may not be compatible with the observed properties of dwarf galaxy density profiles [15, 16] . Nevertheless, the possibility that DM is an ultralight boson merits consideration and a number of ideas have been put forth to constrain the unique signatures of FDM using galactic-scale observations [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
An analogy can be made between WDM and FDM cosmologies because FDM exhibits a similar suppression of density perturbations below a characteristic scale: in a FDM universe, the de Broglie scale is effectively a Jeans scale below which perturbations cannot grow due to the uncertainty principle. The Lyman-α forest has already been used to exclude m 22 20, again with the exact number depending on modeling of the IGM [31] [32] [33] [34] . Taken at face value, these limits exclude the possi-bility that FDM is responsible for solving any small-scale structure issues, which would require m 22 ∼ 1. As is the case for WDM, inferences about the SHMF may improve upon -and independently corroborate -the Lyman-α forest constraints on FDM.
The details of how fluctuations are suppressed are not exactly the same for WDM and FDM, and therefore the predictions for the SHMF will not necessarily have a oneto-one mapping between the two theories. However, in this work we show that a conservative limit on FDM of m 22 ∼ 21 can be set based on recent SHMF WDM constraints from stellar streams and from gravitational lensing. In particular, FDM with m 22 ∼ 21 predicts a suppression of the SHMF at low subhalo masses that is equal to or stronger than the WDM scenarios that are excluded by stellar streams and quasar lensing. There is considerable strength in the diversity of all the probes that disfavor m 22 20, all of which have different systematics and underlying assumptions. For instance, any issues surrounding the modeling of the IGM and the effect on the Lyman-α forest (see e.g. [12, 35] ) do not apply to the analysis of stellar streams or lensed quasars. Limits on FDM from the Milky Way SHMF are also a very direct way to test whether FDM can be responsible for solving small-scale structure issues in the local Universe. For instance, it would be difficult to argue that FDM could explain the fluctuations in the GD-1 stellar stream while still creating a "missing satellites problem" in the Milky Way halo. In light of corroborating evidence from three distinct astrophysical systems (the Lyman-α forest, stellar streams, and lensed quasars) that m 22 must be greater than ∼ 20, it is highly unlikely that FDM with m 22 ∼ 1 could be responsible for any differences between observation and CDM-only simulations of smallscale structure.
In Sec. II, we give a brief overview of the observations that lead to an inference of the SHMF and describe how WDM was modeled and constrained in Refs. [4, 5] . In Sec. III, we review the predicted shape of the SHMF in FDM based on the semi-analytic modeling of Refs. [36] [37] [38] and outline our procedure for setting a limit on FDM based on WDM results. In Sec. IV we present our FDM bound and discuss the implications for other observable consequences of FDM.
II. WARM DARK MATTER SUBHALO MASS FUNCTIONS
WDM suppresses the growth of structure for modes that are shorter than the DM free-streaming length. Typically, WDM becomes non-relativistic in the radiationdominated epoch, where the growth of perturbations in CDM would occur logarithmically in the scale factor a via the Mészáros effect [39] . After matter-radiation equality where perturbations grow linearly in a, WDM can still stream freely (although it is nonrelativistic, it is still moving too quickly to cluster) until the typical WDM speed is sufficiently Hubble damped. In this situation, the WDM transfer function can be computed with a Boltzmann code (for instance CAMB [40] ) and is well described by the fitting form [41] [42] [43] T WDM ≡ P WDM
where P L is the linear matter power spectrum, ν = 1.12, and the effective free-streaming length is
Mpc, (2) where Ω WDM is the fraction of the critical density of the Universe comprised of WDM and where h is defined so that the Hubble parameter is H 0 = 100 h km/s/Mpc. A scale often introduced to parameterize the spectrum of WDM perturbations is the half-mode length scale, λ hm , which corresponds to the scale where the amplitude of the WDM transfer function is reduced by half compared to CDM. From the transfer function,
A related quantity used to parameterize the SHMF is the half-mode mass, which is the average mass contained within a mode of spatial size λ hm , 
M ,
whereρ m is the mean background matter density. The half-mode mass enters into how the SHMF is parameterized when setting a limit on WDM from observables, although as we explain in the following subsections the authors of Refs. [4, 5] model WDM slightly differently, partly owing to the different demands of their respective analyses. Most notably, the two limits assume slightly different SHMF shapes given fixed M hm and slightly different concentrations and density profiles for WDM subhalos.
A. Stellar Streams
A constraint on WDM has recently been set through the analysis of the distribution of stars in Milky Way stellar streams [5] . These streams are formed when a bound system (like a globular cluster or dwarf galaxy) is tidally disrupted and stars with different orbital energies are smeared along the direction of the stream. Because of their highly elongated spatial extent, these streams are dynamically cold (i.e. have low velocity dispersion) due to Liouville's theorem. The motion of stars in a stream is easily perturbed, for instance by a passing DM subhalo, and perturbations can manifest as gaps and spurs in the stream. Because these streams are so dynamically cold, these features can persist over gigayear timescales. Ref.
[44] used the significant gaps in the GD-1 stream to infer the existence of a perturber with a mass between 10 5 − 10 8 M that could not be accounted for by the orbits of known globular clusters, dwarf galaxies, or molecular clouds. Ref. [45] generalized this idea by looking at the one-dimensional power spectrum of the stellar density along the stream rather than looking for individual gaps. Structure on ∼ 10 degree scales was found in the GD-1 stream, implying the existence of ∼ 3 × 10 7 M subhalos. By analyzing the GD-1 and Palomar 5 streams and including the counts of classical Milky Way satellites, WDM below m χ < 6.3 keV was excluded based on the inferred SHMF, shown in Fig. 1 . In this exclusion, a uniform prior on the logarithm of m χ was adopted in the range between 1 − 50 keV.
In the analysis of Refs. [5, 45] , the WDM SHMF was parameterized as
where the best fit in the Aquarius simulations [46] is γ = 2.7 and β = 0.99 [47] and where the superscript label denotes that this was the WDM SHMF parameterization used in the stellar stream limit on WDM. The SHMF for CDM in this work was taken to be a power-law fit to the subhalos in the Aquarius simulations [46] ,
The subhalos are modeled as having a radial distribution in the Milky Way that follows an Einasto profile [46] . In addition, for subhalos lighter than 10 9 M , the normalization of the SHMF (for both WDM and CDM) is allowed to float in order to account for disruption by the baryonic content of the inner Milky Way. Tidal disruption of subhalos appears in simulations to be independent of subhalo mass [48, 49] , and is therefore not expected to change the shape of the SHMF in this low-mass regime. The rising SHMF at low subhalo masses, shown in Fig. 1 , constrains the shape of the SHMF and excludes WDM masses that would cause a large departure from the predictions of CDM for subhalo masses M ∼ 3 × 10 7 M .
For convenience, the subhalos in Refs. [5, 45] were modeled as Plummer spheres to have the same profile as other potential perturbers of the stream, like molecular clouds and globular clusters. The Plummer profiles had a scale radius of r s = 1.62(M/10 8 M ) 0.5 kpc [50] , which yields the same one-dimensional density power spectrum on large ∼ 10 degree scales as a Hernquist profile with a similar concentration [51] . The fiducial mass-concentration relation of Ref. [51] was obtained with fits to the Via Lactea II simulation [52] , and varying this relation by changing the scale radius by a factor of 2.5 was found to have a negligible impact above ∼degree scales in stellar streams. The inference about the low-mass end of the SHMF from stellar streams, which primarily comes from the observed structure on large scales, is therefore robust to differences in the subhalo density profile. For instance, it is not expected that assuming a Navarro-Frenk-White (NFW) profile (or its truncated version) for DM subhalos (as is done in the analysis of strong lensing as described in the next Subsection) would meaningfully change the observed effect of passing subhalos on stellar streams, given roughly similar mass-concentration relations. It is therefore also appropriate to apply the resulting measurement of the SHMF to FDM subhalos with roughly similar mass-concentration relations as the WDM case.
B. Quasar Lensing
Another constraint has recently been set by the analysis of gravitationally lensed quasars, in particular eight quasars that are quadruply imaged due to strong gravitational lensing by foreground galaxies [53] . Based on the positions of the four images and their flux ratios, which depend on the second derivative of the lensing potential near the images, the presence of subhalos down to a mass of ∼ 10 7 M can be inferred. Using uniform priors on the base-ten logarithm of the half-mode mass (in units of solar masses) to lie between 4.8 − 10, Ref. [4] found an upper limit on the half-mode mass of 6.3 × 10 7 M , corresponding to a WDM mass of 5.2 keV.
In the analysis of Ref. [4] , the WDM SHMF was parameterized as
where the superscript label denotes the form of the WDM SHMF for the limit from lensing, and with the best fit of β = 1.3 providing a slightly worse fit to the same simulations than the parametrization including γ (see Eq. (5)) that was used in the stellar stream analysis [47] . The CDM SHMF used in this case comes from the publicly available galacticus code [54] , which is particularly useful in accounting for parent halos with different masses at different redshifts. The results from galacticus yield a very similar CDM SHMF as the Aquarius simulations, with a power law slope for dN/dM between −1.85 and −1.95 and a normalization that increases with redshift. The spatial distribution of subhalos was modeled as following the density profile of the main lens galaxy outside a tidal radius that was taken to be half the scale radius. Inside the tidal radius, the spatial distribution of subhalos was taken to be uniform. As in the analysis of stellar streams, the normalization of the SHMF was allowed to float to account for tidal disruption of subhalos by the main lens galaxy.
The line-of-sight halos in the lensing analysis were modeled as having NFW density profiles, while subhalos of the main lens halo were modeled as having tidally truncated NFW density profiles [55] , with the truncation radius determined by the position inside the host halo [56] . In the WDM scenario, the concentration of a halos at fixed mass is reduced compared to the CDM case because of the delayed onset of structure formation. The functional form of the suppressed mass-concentration relation was taken to be
where the CDM mass-concentration relation of Ref. [57] was used with a scatter of 0.1 dex [58] . The limit from strong lensing is sensitive to the central density and concentration of perturbing halos because the observable effect of subhalos on quadruply imaged quasars comes from nonlinear combinations of second derivatives of the lensing potential near the image. Less concentrated halos with lower central densities will have a less pronounced lensing signature; in the next Section, we argue that lowmass FDM subhalos likely have a smaller gravitational footprint at fixed halo mass (i.e. a lower central density and concentration) compared to the WDM subhalos considered in the lensing analysis, and it is therefore conservative to apply lensing limits on the SHMF for WDM subhalos to FDM ones.
III. FUZZY DARK MATTER SUBHALO MASS FUNCTION
Unlike for the case of WDM, the SHMF has not been studied via direct simulation in the case of FDM, as it is computationally challenging due to the dynamical range required to fully solve the Schrödinger-Poisson equation in a large enough simulated box. Semi-analytic techniques pose a compelling alternative for determining the SHMF, and such techniques have been validated for the case of WDM (see e.g. [59, 60] ). To study the FDM SHMF, Ref. [36] used merger trees constructed with the extended Press-Schecter formalism in galacticus [54] , taking into account the appropriate transfer function for FDM as computed with AxionCAMB [61] and massdependent excursion-set barrier for FDM [62] . Ref. [37] finds that the SHMF is well described by the fitting form
Including the effects of tidal stripping on the FDM core as simulated in Ref. [38] , the parameters entering into the fitting form are 
This fitting form has been validated up to FDM masses of m 22 = 50.
The FDM subhalos of Ref. [36] were modeled as having NFW density profiles with an embedded core and a modified concentration parameter. The subhalo massconcentration relation for FDM is reduced compared to CDM (in analogy to WDM) because of the delayed onset of structure formation relative to CDM at a given subhalo mass. In the absence of detailed FDM simulations to directly determine typical FDM concentrations, the WDM concentration mass relation of Ref. [43] was adopted to describe FDM,
where M hm is defined analogously for FDM as it is for WDM and where the mass-concentration relation for CDM was taken from Ref. [63] . This is a slightly different mass-concentration relation than the one assumed in the galaxy lensing analysis (see Eq. (8)), but the two agree within O(10%) near and above the half-mode mass and the concentration used for the lensing analysis is always higher than the one adopted for the FDM analogy. The direct analogy to WDM here is likely conservative, as FDM has additional, non-gravitational behavior (i.e. due to the uncertainty principle) that may lower the FDM concentration relative to WDM for a fixed subhalo mass. In concert with the central core of the FDM subhalo density profile (as opposed to the cusp of a NFW profile, which would have a higher central density than low-mass FDM subhalos [64] ), the reduced concentration may reduce the gravitational footprint (i.e. the observed effect on lensing) of FDM subhalos relative to their WDM counterparts for fixed subhalo mass. Ref. [36] also considered the effect of changing the FDM mass-concentration relation, finding that even with substantial changes to this relation (i.e. changing the power law by a factor of 2 in Eq. (13)) the SHMF is not meaningfully affected. This justifies the conservative application of this SHMF for FDM to the analyses of stellar streams and quasar lensing in spite of the fact that slightly different subhalo density profiles and concentrations are considered in those analyses.
To set a limit on FDM based on existing WDM limits, the procedure we take is as follows. We normalize all SHMFs (including CDM, WDM, and FDM) in the same way, since the normalization of the SHMF for subhalo masses below ∼ 10 9 M is a free parameter in the analyses that set a limit on WDM. We are thus isolating differences in the shape of the SHMFs at low subhalo masses for the different theories. We then vary m 22 up to the maximum value where the predicted shape of the FDM SHMF is more suppressed for all subhalo masses FIG. 1. The SHMF for our mass limit on FDM as compared with the SHMFs for WDM that are constrained by Ref. [5] from stellar streams and Ref. [4] from lensing. Vertical dotted lines show the half-mode mass M hm for the values of mχ that are excluded in those works. The value of m22 shown was chosen to be the maximum value of m22 where the predicted suppression of the FDM SHMF is more dramatic than for the excluded WDM cases at all subhalo masses. In this sense, the limits on WDM can be conservatively applied to FDM. Note that all SHMFs have been normalized to match Fig. 3 of Ref. [5] for subhalo masses below ∼ 10 9 M , purely for the purposes of comparison of the SHMF shapes. Also note that Refs. [5] and [4] model the WDM SHMF slightly differently as a function of subhalo mass, which gives slightly different SHMF shapes for fixed mχ.
compared to the excluded WDM SHMFs. The limit we quote on m 22 is this maximum value where the FDM SHMF saturates the excluded WDM SHMFs. In other words, for our limit on m 22 the number of predicted subhalos in a given subhalo mass interval is always smaller for FDM than it is for excluded WDM scenarios. Increasing m 22 past this point would lead to a slight excess of FDM subhalos in some mass intervals as compared with the excluded WDM scenarios.
IV. RESULTS AND DISCUSSION
The key result of this work is shown in Fig. 1 . The SHMFs for WDM correspond to the WDM mass limits considered in this work (including the fact that the respective analyses considered slightly different WDM SHMF shapes for fixed half-mode mass, see Eqs. (5) and (7)). Also shown is the FDM SHMF with m 22 = 21, the limit determined by the procedure outlined in the previous Section (this limit of m 22 = 21 happens to be almost exactly the same when we compare the FDM SHMF to the WDM limits from either stellar streams or quasar lensing). Because the SHMF for m 22 = 21 is even more suppressed than the WDM SHMFs that are already con-strained at the 95% level, the limit is likely to be slightly too conservative.
Similar methods to the ones presented here were employed in Ref. [65] , where the SHMF was used to set a limit on FDM based on the existence of the ultrafaint dwarf galaxy Eridanus II. The existence of a single subhalo with a mass like Eridanus II excludes FDM masses m 22 < 8. In that work, agreement was found between the methods used here (i.e. the fitting form of Eq. (9)) and the use of the extended Press-Schecter formalism with a sharp-k (Fourier-space tophat) window function [66] [67] [68] as applied to the estimated pre-infall mass of Eridanus II. The limit in the present work is stronger because of the larger number of subhalos inferred at low subhalo masses. Narrow resonance bands in m 22 are separately excluded slightly above m 22 
based on Eq. (8) of Ref. [31] . However, this formula is based on the mapping between the half-mode scales of FDM and WDM in the linear regime and does not account for the full k-dependence of the FDM transfer function. Based on the hydrodynamical simulations and analysis of Ref. [32] , the matching of half-mode scales between FDM and WDM is not accurate for translating a Lyman-α forest limit on WDM to one on FDM. We also expect that in the case of the SHMF, the matching of the WDM and FDM transfer functions at the half-mode scale will not necessarily provide an accurate limit on FDM because this approach does not take into account the scaledependent growth of structure (and scale-dependent critical collapse overdensity) in a FDM cosmology. Had we set a limit by matching half-mode scales in this work, we would have found that FDM masses below m 22 137 are excluded. We instead quote a more conservative bound of m 22 21 here. The use of stellar streams has previously been proposed as a means to constrain FDM via the dynamical heating that would occur through the sustained density fluctuations exhibited in FDM halos, caused by wave interference on the scale of the de Broglie length [21] . The signature would be a marked thickening of the stream with time due to frequent interactions with FDM clumps. The strength of this effect has a steep scaling with m 22 , and at the level of the constraint from the SHMF m 22 20 is not expected to yield an observable heating effect. The effective mass of FDM clumps for this value of m 22 is ∼ 10s of solar masses, leading to a thickening rate of 0.1 /Gyr for the GD-1 stream. Since the angular thick-ness of GD-1 is around 12 [70] , dynamical heating from ambient FDM of this mass is not expected to play an observable role in the properties of the stream. Because of the rather low effective mass of FDM clumps created by wave interference for m 22 20 , it is also not expected that such density fluctuations will have an observable signature in the lensing of quasars.
The constraint presented here is intended to serve as a conservative bound that is set without a full re-analysis of the data presented in Refs. [4, 45] . The FDM mass m 22 constrained here was chosen to always give a more dramatic suppression of the SHMF compared to the WDM scenarios that were already constrained with more complete analyses. In spite of the fact that the arguments presented here are likely quite conservative, we can already independently corroborate Lyman-α forest limits on FDM using two additional systems that require very different modeling assumptions and that have very different systematics. Taken together, the evidence strongly disfavors the possibility that FDM could have a meaningful impact on any small-scale structure issues or that FDM with m 22 ∼ 1 could lead to a core in the inner Milky Way and be responsible for the dynamics of bulge stars, as proposed in Ref. [26] . In the near-term future, the bound on the FDM mass based on the SHMF is likely to improve (both in strength and in accuracy) with dedicated analyses of the data of Refs. [4, 45] . A preliminary analysis of the data from stellar streams indicates that the true limit on FDM may be closer to m 22 > 22 assuming logarithmic priors on m 22 between 1 and 1000 [71].
Further simulation work will also solidify the limit presented here, especially as it relates to the effect that fragmented FDM filaments (as seen for instance in Ref. [30] ) could have on the SHMF as well as the effect of baryons on the SHMF. Baryons can have nontrivial effects on FDM (see for instance Refs. [24, 30, [72] [73] [74] ) and further study of these effects and whether they impact the SHMF at very low subhalo masses will make our results more robust.
Other DM scenarios beyond WDM and FDM may be constrained by the measurements of the SHMF, particularly ones that predict suppression of small-scale power. Some examples are DM freeze-in through a light vector mediator [75] and velocity-independent DM-baryon scattering [69] . Furthermore, in this work we have treated FDM as lacking any substantial non-gravitational selfinteraction that could affect cosmological structure (see for instance Refs. [76] [77] [78] ). We leave exploration of the implications of the SHMF for these scenarios to future work.
